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Abstract-An elementary derivation is given to algebraically compute the perimeter centroid of a 
convex polygon. 
I remember a homework exercise in an old (circa early 1900s) mechanics textbook which indicated 
that the perimeter centroid of a triangle could be computed by weighing the midpoint of each 
side of the triangle by a value proportional to its length, and then calculating the O-D centroid 
of the resulting system. This characterization can be generalized, and the more general result 
can be demonstrated as a straightforward exercise in calculus. To illustrate the characterization, 
consider first the triangle defined by vertices at (0, 0), (1, 0), (l,l). The O-D centroid (or median 
point) is located at 
( 
E,+.$)=(Z), 
where the masses associated with each point are assumed identical. For a triangle, the O-D cen- 
troid coincides with the 2-D center-of-gravity of the body [l, p. 212; 2, p. 311, and, geometrically, 
the perimeter centroid coincides with the center of the Spieker circle [3]l. For an alternative 
treatment see also [4, p. 211. Using the algebraic characterization described above, the perimeter 
centroid is computed to be 
This characterization provides an elementary and quick method to compute perimeter centroids 
of triangles, and so its generalization to convex polygons is of interest. 
From a physical point of view, the perimeter centroid of a convex polygon can be considered 
as the centroid of homogeneous wires of uniform density which lie on the sides of the polygon. 
PROPOSITION. Let P,, be a convex polygon with the vertex set {Al, AZ,. . . , A,}, where Ai = 
(xi, yi). Then the perimeter centroid of P, is located at 
where di = d(Ai, Ai+l) is the Euclidean distance between vertices Ai and Ai+l, and A,,+1 = 
(~+l,~n+l) = AI. 
‘The Spieker circle is obtained as follows. Consider the triangle formed by connecting the midpoint of each 
side of the original triangle. Any two of the inner bisectors of this triangle intersect at the center of the inscribed 
(Spieker) circle. 
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PROOF. The perimeter centroid is by definition [5, p. 81 
where dF is the boundary element of integration and aP,, is the boundary of P,. Let Ci denote 
the line segment from Ai to Ai+l, and represent Ci as follows: 
Cj : 
i 
X(t) = (Xi+1 - Xj) t + Xj 
II(t) = (Yi+l - Yi) t + 3/i, 
where t E [0, 11. Note that 
and similarly, 
Now for 1 5 i 5 n, 
so 
It suffices to show that / xdF 
Jci 
1 ,...,n 
Let 1 5 i 5 n be given. Then 
rl 
LixdF=lo [(Xi+1 - xi)t + xi] di dt 
= di (J ‘(Xi+1 -xi)tdt+ ‘xidt 0 J > 0 
= 4 
( 




Xi+1 - 2i 
+ Xi 
> 
Similarly, we have J YdF=& (,+,,) and this completes the proof. G 
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REMARKS. 
1. This characterization meshes nicely with the algebraic characterization of the “other” cen- 
troid point of a planar convex figure. The Steiner curvature centroid of a convex polygon P,, 
with internal angle & at vertex Ai (i = 1,. . . , n) is the O-D center-of-gravity of the system 
of masses where mass ?r - 8i is attached to vertex Ai [6]. 
2. Note that the convexity of the polygon was never used in the proof, and so this character- 
ization also holds in general for simple (no self-intersections) polygons. 
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